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Two-Dimensional Planing
20006

Peter R. Payne* < 444 7
Payne, Inc., Annapolis, Md. j’ oo [

Nomenclature
Cr =R/ Vapufl
=jet resistance
= wave resistance per unit width

=Froude number = u, /Ng/

=acceleration due to gravity

=wetted length

=lift force per unit width = R cosr for a flat plate

=resultant force per unit width

=freestream velocity

=jet thickness

=mass density of the fluid

=trim angle

=angle of the resultant force R aft of a normal to the
undisturbed flow (8 =1 for a flat plate)

=angle of the jet above the horizontal for a non-
planar plate (8 =7 for a flat plate)
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AYNE? has shown that the high-speed wave drag of any
two-dimensional pressure field is, per unit width

D, =(L?/1?)-(1/pg) - (1/F}) )
The jet drag* is, in the two-dimensional case
D, =pu3s(1+cosr) ()]
Now for a flat plate in inviscid flow
D, +D,=Rsinr 3)

Substituting for D,, and D, from Egs. (1) and (2), and writing
L =R cost

2501 ) =Rsi Rcos?r
= nr—-——
pu§d(1+cost sint logF?
5 C ) Crcos?r
L R [ _Cr > ] @)
I 2(1+4cosT) 2F7
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In the limit F; — oo

(0/1) = [Cgsint/2({ +cost) ] = (Cgr/2)tan(r/2.)

which is a form of Pierson and Leshnover’s? Eq. (3), derived
from both momentum theory and their exact solution of the
flowfield. The additional terms in Eq. (4) (which reduce the
jet thickness at finite Froude numbers) are due to the heavy
fluid effect of wave drag.

Squire’s! high-speed theory result is’

§~7_fz/[,+§1]2 s
1547 8 F? 5
based upon
ST
CR:WT/[1+§F‘[2:| (6)

If we substitute Eq. (6) for Cj, into Eq. (4) we obtain Eq. (5),
but multiplied by the factor

I+ (n/8F%)]
Thus, for both theories

) wr?
— Y a5 F,—~00 7
[ 2(I+cost) ! ™

which expresses the fact that, in the limit, all the resistance is
due to jet drag.

For this limit, Eq. (7) is compared in Fig. 1 with the
Schwarz-Christoffel transformation solution of Pierson and
Leshnover,? who obtained

76_ [1+c057 Io <1—cosr) ]1rsinr ]—1 ®)

] —cost 2cosT —CosT

The agreement between Egs. (7) and (8) is good for small trim
angles, but the theories diverge above about 7 =5 deg.

This is because Pierson and Leshnover obtain a normal
force coefficient for a plate planing on a weightless fluid
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Fig. 1 Jet thickness as function of trim angle for limit of infinite
Froude number. Pierson-Leshnover theory is for two-dimensional
planing on weightless fluid.
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Fig. 2 Normal force coefficient for flat plate, as function of trim
angle, in limit F; — oo,

(F,—) of

2wsint
Cr= ®

I —cost .
I+cosr— (1 —cost)log <—~———> + wsinT

2cosT

This falls significantly below the Squire value of Cp==7
above trim angles of 4-5 deg, as shown in Fig. 2. If Eq. (9) is
substituted into Eq. (4), Pierson and Leshnover’s result is
reproduced, however.

Sedov’ obtained the same result as Eq. (9), expressed as

2T

T+ +tanTlo (cotzT I)
cos— +m - - —
2 2 & 2

We conclude that Squire’s analysis applies only to small trim
angles—as he states in his assumptions—and that a better
approximation might be Eq. (9) or (10) divided by Squire’s
factor [14-(5/8)(w/F?)] as an empirical correction for finite
fluid weight.

When the plate is not flat the trim angle 7 can be measured
from zero lift trim, but the total resistance is now RS rather
than Rz, 8 being the induced drag angle. Thus Eq. (3)
becomes

D, +D; =Rsing (11
leading to
5 Cr [ . CRcoszﬁ]
—= R R 12
1= 2 +cost) ™ 5 12

where § is the jet angle above the horizontal.

Since methods exist for calculating the two-dimensional
pressure distribution on a cambered plate® (Squire’s!
methodology is readily adapted, and Sedov’ gives results by
M.I. Gurevich for a circular arc profile, using Sedov’s
methodology), it is possible to find the induced drag angle 3
and hence deduce 8// from Eq. (11).

Any pressure field (such as that generated in the bubble of a
surface effect ship) which does not have local regions of

2.0 A 7
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pressure equal to Y2puj, will not develop a jet. The same
would be true (under the same conditions) of a cambered
planing plate which had the same shape as the water surface in
a pressure field.
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Introduction

HE analysis of hydraulic jumps in shallow water usually

centers on jump conditions obtained by relating the
upstream and downstream solutions for mean height and
speed through mass and momentum conservation. In this
classic approach, a resultant decrease of energy across the
discontinuity is assumed to occur through turbulent
dissipation (e.g., see Lamb!). Recently, this author,? ex-
panding on some work of Benjamin and Lighthill,?
generalized the foregoing treatment to allow for the addition
of finite amplitude waves. Four quantities, namely, the mean
height A, the mean speed U, the wave energy density E, and
the wave number k£ now appear as unknowns; upstream and
downstream conjugate solutions were obtained by conserving
total mass, total momentum, total energy, and wave crest
number. The results of the author’s study showed how, in a
nondissipative system, the usual loss of mean flow energy
could be attributed to the appearance of enhanced down-
stream radiating waves characterized by significantly in-
creased energy density and wave number.

The exact role played by these waves in setting up the
discontinuous flow, however, is unclear; certainly, these
‘“‘unstable’® waves, which experience phenomenal growth
through the shock layer, must play some dominant part in a
very interesting dynamical process which unfortunately
cannot be uncovered by studying jump conditions alone. This
Note provides an exploratory study on hydraulic jump for-
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